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Abstract

The Wigner function was introduced as an attempt to describe quantum-mechanical fields with
the tools inherited from classical statistical mechanics. In particular, it is widely used to describe
the properties of radiation fields. In fact, a useful way to distinguish between classical and
nonclassical states of light is to ask whether their Wigner function has a Gaussian profile or not,
respectively. In this paper, we use the basis of Fock states to provide the closed-form expression for
the Wigner function of an arbitrary quantum state. Thus, we provide the general expression for the
Wigner function of a squeezed Fock, coherent and thermal states, with an arbitrary squeezing
parameter. Then, we consider the most fundamental quantum system, Resonance Fluorescence,
and obtain closed-form expressions for its Wigner function under various excitation regimes. With
them, we discuss the conditions for obtaining a negative-valued Wigner function and the relation it
has with population inversion. Finally, we address the problem of the observation of the radiation
field, introducing physical detectors into the description of the emission. Notably, we show how to
expose the quantumness of a radiation field that has been observed with a detector with finite
spectral resolution, even if the observed Wigner function is completely positive.

1. Introduction

Classical statistical mechanics shows that if the set of positions X = {x;,x,,---,x,} and
momenta p = {p;,pa, -+ ,pn} of an ensemble of particles are known, one can obtain the statistical average of
any function of position and momentum, e.g. F(x;p), simply as [1]

w-= [ " / " dpEGep) Pa(55) M

where the integration is done over each of the 27 variables. The function Py (X;p) is a probability of the
configuration, (often referred to as a ‘phase-space distribution’), which can be used, for example, to quantify
the probability of finding the ensemble of particles in a region of space within x and X + dx and with
momenta in the range p to p + dp through

Pa (%) dxidx; - dx,dpydpy -~ dp, 2)

In the wake of the Quantum Theory, considerable effort was made to show that classical results were a
limiting case stemming from the quantum theory by taking, e.g. a power series of /. Thus, one would expect
to be able to compute quantum statistical averages with expressions similar to equation (1). However,
because the Heisenberg uncertainty principle forbids the exact knowledge of the position and momentum of
a particle simultaneously, a quantum version of equation (1) does not exist with some P(X;p) being a
probability distribution [2, 3].

In 1932 Wigner wrote an article for Physical Reviews [4] where he noted that the probability of the
configuration—which one could place into equation (1) to compute statistical averages—stemming from the
quantum theory could be written as a power series on fi. The first term, independent of Planck constant,
corresponds to the classical probability distribution. Thus, Wigner showed that quantum averages can be
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indeed obtained through a phase-space integration, simply upgrading the classical probability
distribution Py (X;p) to a quantum counterpart W(X; p), defined in general as

-~ 1 o e 20
W)= e | @pe—slolee et ®

where p is the density matrix associated with the quantum system. The function defined in equation (3) is
the ‘Wigner function’, and although it is always real, is can also take negative values and, therefore, it is not a
probability distribution. Its mathematical properties have been summarised in reference [3], and the effect
that canonical transformations have on the Wigner function have also been considered [5]. The Wigner
function thus translates quantum operators into classical concepts, by doing the inverse procedure of Weyl’s
rule [6], by which one upgrades classical variables to quantum operators [7].

The Wigner function has been applied to a wide range of fields, and one of the first to accommodate it
was quantum optics. Wigner himself co-authored a paper [5] describing, with the Wigner function, the
properties of photonic coherent [8] and squeezed states [9, 10]. These states minimise the uncertainty in the
phase space. However, while the former are represented through a Gaussian function, the latter are given by a
Gaussian that has been stretched and compressed along perpendicular directions. Notably, Groenewold [11]
and Moyal [7] introduced the formalism to treat the evolution of the Wigner function directly in phase
space, without the need to consider the underlying Hilbert space [12—14]. Then, it was shown that the
temporal evolution of the Wigner function does not suffer from the diffusion effects that affect Schrédinger
equation [15]. Thus, the Wigner function of a wave-packet with fixed momentum maintains its shape, even if
the wavefunction does not [16]. Conversely, due to the uncertainty principle, the Wigner representation of a
single particle with a well-defined momentum is not a delta function, but a delocalised function, thus making
clear the distinction between classical and quantum approaches to individual particles. The treatment of the
Wigner function on the second quantisation was pioneered by Brittin and Chappell [17] and Imre et al [18],
who provided the formalism to obtain the Wigner representation through field operators rather than state
vectors, which was supplemented with a consideration of the role that dissipation plays in the formalism [19].

In the race towards quantum technologies, the Wigner function has played a central role, especially in
determining the quantumness of the system under consideration. It has been used, e.g. to describe the
coherence of optical fields [8], electronic transport [20, 21], and many other applications have been recently
reviewed [22]. The wake of the 21st century brought the realisation that the Wigner function could also
illustrate entanglement [23—33], a fundamental property for quantum applications. However, two of the
greatest applications of the Wigner function to quantum optics are the measurement [34-38] and
identification of genuine quantum states [39-42]. Regarding the latter, the negativity of the Wigner function
is associated with non-classicality [43], as states compatible with classical theories can be expressed as a
convex mixture of Gaussian states [44—47], whose Wigner functions always take non-negative values. In fact,
Hudson’s theorem [48] states that, for pure states, a positive Wigner function is equivalent to a classical
(Gaussian) state. The generalisation to mixtures of states is not straightforward, and boundaries can only be
set to the degree of non-Gaussianity of states with positive Wigner function [49]. Instead, one can turn to
other tests of non-classicality which, besides considering the Wigner function, also take into account the
amplitudes of the probability of the quantum state [44—47], or the volume of phase space on which the
Wigner function takes negative values [43, 50-52]. In this paper, we study the emission from a single photon
source and the classicality (or lack thereof) when they are observed by a physical target, only sensible to
photons within a certain range of frequencies.

The rest of the paper is organised as follows: section 2 is devoted to showing a convenient way to expand
the Wigner function, provided that the density matrix associated with the state under consideration is
written on the Fock basis. Afterwards, in section 3 we go beyond the recent developments in the Wigner
function [22], and we use such an expansion to show the Wigner function of a two-level system (2LS),
showing the differences of the distributions depending on the type of excitation used. Section 4 considers the
effect that the observation—made by a detector with finite spectral resolution—has on the Wigner
distribution of single-photon sources, thus shedding some light on the quantumness of the states of light
emitted and, importantly, observed.

2. Wigner function in the Fock basis

The definition of the Wigner function, given in equation (3), can be manipulated to the case of a quantised
electromagnetic field [53], which can be generalised to the case of n modes in the following way (we
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assume 7 = 1 along the rest of the paper)

W(a17a27"' 7aﬂ) = (7:2> /dﬁ%/dﬁg/dﬂiK(ﬁlaﬁZ) 767/)Heakﬁlj—a:'3k, (4)
k=1

where ai and Jj are complex numbers whose real and imaginary parts are associated with conjugate
variables, e.g. position and momentum, and for each j the integration is performed over the variable and its
conjugate, as if they were independent variables, namely

/dﬁiz//dﬁkdﬁz‘- (5)

The kernel of the transformation in equation (4) is given by
K(B) =Te{pD1 (8) D2 (B2) -+ Du(8,)} ©)

where p is the density matrix of the state in which we are interested and D () = efial =Bl ax i the
displacement operator of the kth mode of the field under consideration. Here, the operators a; and a,t are the
annihilation and creation operators, which follow the Bose algebra.

Although the density matrix p that enters into the kernel (6) may be written in any basis, for many
quantum optical problems, it is convenient to express it in the Fock basis, with elements{|m) =

|my,my,- -+ ,m,)}, such that each my € Z*. Thus, the trace operator becomes
K(B)= > (flpD:(81)Da(B2) - Du(B) I} (7a)
[0, 5
DI e | 2GR (7b)
RN =

Here we have made explicit the elements of the density matrix as
pI‘L/L]l,’IZZ,,-::A;Iﬁ:” = <Ia’| p‘D> = <M17,U/2a e a,uﬂ‘ P|V17V27 e ’l/n> } (8)

and D} (Bx) = (v Di(Br) |1ux) are the coefficients of the so-called displaced Fock states [54—58]. Applying the

displacement operator to the Fock state |1;) and using the similarity transformation DIE ( Bk)a}:f)k( Bir) =
aj — B} yield
| — B¢ yields

T 1k
Di(B0) i) = Du() ~1=10) (9a)
= (ol =) "Deta00). (o)
= (ol - )" 130, (9)

where | 3;) is a coherent state with amplitude 8. The projection of the state in equation (9) onto the Fock
state |14) is then

(=B L s (18e?) e < v

pon Su (68w,

where L]’-‘(r) are the associated Laguerre polynomials.

Replacing the coefficients (10) into the kernel (7) and simplifying the expression for the Wigner function
of the n-mode field given in equation (4), we obtain a central result of this paper: the Wigner function can be
expressed as a series that depends only on the elements of the density matrix

Dy (B) = e 1572 (10)

n
w@= 3 pre e T we (o). (1)

H1sfhas s b k=1
Vi,V2,00 U

Writing the Wigner function as in equation (11) has the advantage that one only needs to evaluate as many
coefficients as elements of the density matrix are nonzero. This is particularly relevant when the quantum

3
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Figure 1. Wigner function of the states considered in section 2: Fock, coherent and thermal states with (bottom row) and without
squeezing (upper row). The Fock state in panels (a) and (d) is |2), the coherent state in panels (b) and (e) is for « = 1 + i and the
thermal states in panels (c) and (f) has ny, = 1. In the cases with squeezing z=1/2 and § = 7 /4.

state under consideration is obtained in a truncated Hilbert space, as is commonly the case in numerical
calculations. The coefficients of the expansion are given by

1 .
Wi () = 5 [ A Dy (Be e, (12)

The integration can be readily done in polar coordinates, letting a; = r;el®* and 3x = brel%, yielding

2 —1)H ‘u‘—"' 2rpe i) T e (492) e < s
Wk (r, ¢x) = Ze ( ),, k,! ( . ,L)k,l,k ) (13)
T (1) / o5 (e )™ L (4) = v,
which are precisely the coefficients that appear upon breaking up the phase space into its
eigenfunctions [59-63].
From the coefficients in equation (13) one recovers immediately the textbook result of the Wigner
function of the Fock state |k) [64], for which p,,;, = §,,x0,x in equation (11),
2 -
Wiy (r.6) = — (=) e L (47°) (14)

where L;(r) is the Laguerre polynomial, from which it is clear that the phase space distribution of the Fock
states has cylindrical symmetry. Figure 1(a) shows the Wigner function of the Fock state with two
photons |2).

Similarly, for a coherent state with amplitude «, for which the elements of the density matrix are simply
given by p,, = el ama*" /\/nlml, the Wigner function is then

= 2 2o i-an] , (15)
m

W|a> (x»y>

where (x, y) are the Cartesian coordinates of phase space (e.g. position and momentum) and we have
assumed that & = o, + icy;. Thus, we recover the well-known result that the Wigner function of a coherent
state is a Gaussian that has been displaced to the coordinates («,, ;) [65]. An archetypal illustration of the
Wigner function of a coherent state is shown in figure 1(b) fora =1+ 1.

Another type of state that is ubiquitous in quantum optics is the so-called thermal state. Such a state is a
completely mixed state for which the probability amplitudes follow a geometrical distribution, namely,

o0 k
Mih
p=3"—h k], (16)
— <1+nth)k+l

4
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where ny, is the mean number of particles contained in the state. In this case, the Wigner function yields the
following well-known result [65, 66]

2 1 2r?
W = — — 17
110 = 2 g e [ | a7

which is a Gaussian function centred at the origin and whose width increases as the mean number of
particles in the state increases. Figure 1(c) shows the Wigner function of this state for the case ny, = 1.

The Wigner functions of the states that we have considered so far have cylindrical symmetry. In the case
of the coherent state, the axis of symmetry is displaced from the origin. However, the application of the
squeezing operator S(&) = exp[(ze7%a? — ze'?al?) /2] to the quantum state under consideration brakes such
a symmetry. In such a case, the distribution is stretched by a factor ¢** along the direction  and is
compressed by a factor e ~?? along the perpendicular direction. The Wigner function of optical states with
squeezing has been thoroughly examined during the last decades [50, 67-73], and although the expressions
for the Wigner function of various types of squeezed states were given previously, albeit for the case
0 = 0 [74], the general expressions are the following:

2
Wiy (x,y) = - (=1)rexp [—2622 (xcos — ysinf)* — 2e~% (xsinf + y cos 9)2}
x Ly [4622 (xcos — ysinf)* + 4e~% (xsinf + y cos 9)2} ) (184a)
Wsjay (x,y) = % exp {72622 [(x— ;) cosf — (y — a;) sinB]* — 2e " [(x — o) sin@ + (y — ;) cos 9]2} ,
(18b)
Wsr (x,y) = 21 expq — 2 [ezz (xcosf — ysinf)® 4 e~ (xsinf + y cos 9)2} (18¢)
’ 7 14 2ng 1+ 2ngy ’

for the squeezed Fock, coherent and thermal states, respectively. The bottom row of figure 1 shows these
three functions with squeezing given by ¢ = ze'® forz=1/2 and § = /4.

Classical states, such as the coherent and thermal states, have a Wigner function following a Gaussian
profile. This is evident from the analytical expressions for these two cases, given in equations (15) and (17),
respectively. Note that the Fock state with zero particles is a particular case of a coherent state, and its Wigner
function also has a Gaussian profile. Now we will turn to quantum states, whose Wigner functions go beyond
Gaussian shapes and could have negative values. In particular, we will consider a dynamical system, driving it
to its steady state rather than simply assuming an initial pure state. Thus, in the next section, we will analyse
the Wigner function of the most fundamental quantum emitter: a 2LS. We will use the powerful expansion of
the Wigner function in equation (11) to show how the phase space distribution of the emission changes
when the light is filtered in frequency, thus allowing us to differentiate quantum from classical emission.

3. Two-level system

A 21S is a theoretical model of quantum objects whose energy levels are arranged in such a way that only two
of them are effectively populated [75]. 2LS are currently realised in a wide variety of systems, including atom
clouds [76-79], semiconductor quantum dots [80—-88] and superconducting circuits [89-98]. Among these
platforms, the latter two are particularly convenient for technological applications, as they can be easily
miniaturised and incorporated into chips.

From a theoretical point of view, the description of a 2LS is made through a pseudo-spin operator o,
which satisfies the Fermi-Dirac algebra. Thus, the free Hamiltonian associated to the 2LS is

H, =w,o'0, (19)

where w, is the energy difference between the excited and the ground energy levels of the 2LS. The
dissipative character of the 2LS is taken into account through a master equation

dip = i[p, Hy] + %’ﬁgp, (20)
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where H,, is the Hamiltonian in equation (19), v, is the decay rate of the 2LS and L.p = (2cch —
pctc— cfep) for any operator c. The exact form of the master equation (20) depends on the source of light
used to excite the 2LS. If the excitation is done incoherently, for example, through a thermal reservoir at a
rate P, the driving is taken into account by adding the Lindblad term (P, /2) L+ p to the master equation.
Instead, if the excitation is performed through a cw-laser with frequency wy, and intensity €2, then the
Hamiltonian of the system is updated to H = H, + Q, (oTel“t! 4 ge~iwit),

In the former case, with incoherent driving, the steady-state density matrix of the 2LS is given by

inc __ ’YO’/FO' 0
po‘ - ( 0 PO-/FO-> ) (21)

where I', =7, + P, is the power-broadened linewidth of the 2LS. In this case, following the steps detailed in
appendix A.1., the Wigner function is obtained directly from equation (11):

. 26—272
Wi (r,¢) = [vo — P (1—47)] (22)

s

which takes negative values when P, > 7,, i.e. when the system reaches the population inversion or,
equivalently, when the probability of having a single photon is higher than the probability to have vacuum,
which is slightly above the non-Gaussianity threshold set by the criterion of Filip and Mista [44].

When the 2LS is under coherent excitation, the steady-state density matrix is instead [99]

o = <1<U>'ff’ <ni>> ) (23)

where (0) = —2Q, (28, —i7,) /(72 + 8Q% +4A2) and the mean population of the 2LS is 1, =

402 /(2 + 802 + 4A2%). Note that we have introduced A, = (w, — wy ), to indicate the detuning between
the resonance frequency of the 2LS and the driving laser. Thus, the Wigner function of the coherently driven
2LS becomes (cf appendix A.2. for the details of the derivation)

o 2672'2 .
Wf,h (r,¢) = T2 £ 80L T 4AL) [%2; +4Ai — 80, (2A,co8¢0 + v, sing) r+ IGQ%,rZ] , (24)

which has cylindrical symmetry only in the limits of either vanishing (€2, — 0) or infinite (2, — o0) driving
intensity. Furthermore, unlike the Wigner function for the incoherently driven 2LS, equation (24) never
reaches negative values. Figure 2 shows the Wigner function of the 2LS driven coherently and resonantly, for
several values of the intensity of the driving. Panel (a) shows the transformation of the Gaussian distribution
associated with the vacuum state, obtained in the Heitler regime [100] of vanishing driving. Then, as the
intensity of the driving increases, the distribution starts to displace. Such a displacement keeps growing with
the power of the driving, until at about 2, /7, ~ 0.1, when the Wigner function starts to squeeze, which is
consistent with the underlying physics that takes place [101]. Namely, the emission from the 2LS can be
understood as an interference between a coherent field and a squeezed thermal state, stemming from the
coherent and incoherent fractions of the emission [102, 103]. Further increasing the driving, entering into
the Mollow regime of excitation [104] (for 2, /v, > 0.5), the squeezing fades and the Gaussian shape starts
to deform, ultimately becoming a ring-shaped function, completely symmetric around the vertical axis.

The results of this section illustrate the point that even the most fundamental quantum objects can have a
positive defined Wigner function. It turns out that it is not the fact that the Hilbert space of our system is
truncated, but rather the population inversion of the 2LS which dictates whether its Wigner function has
negative values. This observation remains in agreement with Hudson’s theorem because the 2LS under
coherent excitation is not in a pure state, so its quantumness does not necessarily imply a Wigner function
with negative values. However, an important question remains: the discussion above is for the field of a 2LS,
but the Wigner function is defined for radiation fields. In the next section, we will bridge this gap and show
that the quantum features that the 2LS imprints on its emission are captured on the Wigner function of the
observed field.
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Q, /7, = 0.01 Q /7, = 0.08
@ =001 So/70 =008

Figure 2. Wigner function of the coherently driven 2LS. (a) As the intensity of the driving increases (from left to right and from
top to bottom), the Gaussian shape (25 /o = 0.01) associated with the vacuum state displaces (€2 /s = 0.08) and becomes
squeezed (2 /o = 0.2). Further increasing the driving, when the 2LS enters into the Mollow triplet regime, the Wigner
function is distorted (2 /o = 0.5) until it ultimately recovers cylindrical symmetry. (b) Cuts of the Wigner functions shown in
panel (a) along x = 0. In all the cases we have considered resonant excitation, i.e. we have set A, = 0. The variation of this
parameter has an impact on the direction along which the function is squeezed and on the intensity of driving for which the
function is distorted.

4. Observed fields

The quantum states that we have defined in equations (21) and (23) correspond to a 2LS. However, the
Wigner function is formally defined for radiation fields. Using the vocabulary of the second quantisation,
this means that the function is defined for bosonic fields, although a recent proposal [105] provides a
connection between the Wigner function and fields following arbitrary statistics. However, keeping our
analysis to bosonic fields, we now turn to the observation of the light emitted by the 2LS, and measured by a
physical detector. In this context, the expressions in equations (22) and (24) would correspond to a detector
that collects light (i) from all the frequencies and (ii) has no temporal uncertainty. In such a case, the
radiation field observed by the detector could be effectively described through the density matrix of a 2LS.
Still, in any realistic implementation, detectors can collect light only from a finite window of frequencies.
Inevitably, regardless of the size of such a window, the field observed by the detector has been filtered in
frequency, and the quantum state of the emission has been fundamentally changed [106—112].

We can access the quantum state that the detector observes by applying the theory of frequency-resolved
correlations [113]. In it, the dynamics of the detector is included in the description of the system under
consideration, so that the latter is not perturbed by the presence of the former. Such a scenario can be
achieved by making the coupling between the source of light, which in our case is the 2LS, and the detector

7
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Figure 3. Wigner function of the 2LS with incoherent excitation W(p, ) (solid gray), the observed field W(5,) (dashed light blue)
and the reconstructed state W(p,) (dotted blue). The quantum state of the detector can be modelled as a mixed state with

enhanced vacuum. Thus, in the limit of wide detectors, we can remove the excess contribution from the vacuum, and restore the

state of the bare quantum emitter. In panel (a), the dashed light blue line is below the dotted blue line, and in panels (b) and (d)
the grey line is under the dotted blue line.

either vanishingly small or unidirectional. The two alternatives are mathematically equivalent [109], and
they provide the correct normalised correlation functions. However, the quantum state of the detector varies
depending on the methods. Using vanishing coupling, the detector only probes the emission, and its
quantum state is dominated by vacuum. Conversely, implementing an unidirectional coupling, the detector
captures the quantum state of the observed light. The method consists of coupling the source of light to a
detector. The former is described in general through the annihilation operator &, which can follow either
fermionic or bosonic statistics. The latter, however, is described as a harmonic oscillator with annihilation
operator a. In this way, the Hamiltonian of the system and detector is H = Hg + wgala, where H ¢ describes
the internal dynamics of the source and w, is the natural frequency of the detector. The dissipative character
of the source of light is taken into account through a master equation, e.g. equation (20), and the linewidth
of the detector is represented as the decay rate of the oscillator, namely, through the Lindblad
term (I"/2)L,p. Lastly, the unidirectional coupling from the source to the detector is described through the
term /e T([€p,at] + [a, p€T]) [114, 115], where ¢ is the decay rate of the source. This coupling has been

used to study the driving of harmonic oscillators by squeezed light [114, 116]; to perform quantum

spectroscopy on highly dissipative quantum systems [117]; to consider chiral coupling in plasmonic

emitters [118], to develop quantum Monte Carlo methods keeping the information about the frequency of
the emission [109]; to analyse the excitation of quantum systems with quantum light [99, 117, 119-121]; and
explore quantum entanglement in resonance fluorescence [122, 123].

Here, we now apply the formalism to examine the quantum state of the detector. For the emission from a
2LS with incoherent excitation, the Wigner functions are shown in figure 3. In this case, the Wigner function
has angular symmetry, so, without loss of generality, here we show a cut along the y = 0 axis. The solid lines
represent the Wigner function of the bare emitter, W(p,, ), which is given by our equation (22). The dashed
light blue lines correspond to the Wigner function of the detector state, W(3,), which is obtained directly
from the master equation describing the coupling between the emitter and the detector. It is evident that the
Wigner function of the detector does not capture the features of the Wigner function of the emitter. In fact,
even in the case where the detector is colourblind, with I /v, — 0o, the Wigner function of the detector
remains positive and completely misses the dip into negative values of the Wigner function of the bare 2LS.
This means that in the quantum state of the detector, the contribution from the vacuum is larger than it
should be. Thus, in the Wigner function, the quantum features are hidden behind the inflated vacuum.

However, we can recover them by assuming that the density matrix of the detector p, is given by a mixture of
vacuum and the effective density matrix p,, namely;

8
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Figure 4. Wigner function of the 2LS with coherent excitation W(ps) (left column), the observed field W(3,) (centre column)
and the effective state W(p,) (right column). The observed field is dominated by vacuum, from which we obtain the expected
Gaussian shape centred at the origin. However, approximating the observed state as a superposition of vacuum and the effective
quantum state of the emitter allows us to recover a Wigner function that even displays negative values, unveiling the quantum
character of the emitter. In all the panels, the linewidth of the detector was set as I' /5 = 10. In panels (b) and (e) the dotted lines
are there to aid the visualisation of the displacement of the Gaussian.

ﬁu:apvac+(1 _a)pa7 (25)

where 0 < a < 1 gauges the contribution of the vacuum and of the effective quantum state to the observed
field. Finally, the effective quantum state is obtained by imposing the condition that the occupation of the
effective quantum state must be equal to the occupation of the bare emitter. (Experimentally, the occupation
of the emitter can be obtained as the ratio between the emission rate and the decay rate of the emitter or
detector.) With this approach, we are now able to compute the Wigner function from the effective quantum
state of the detector, W(p, ), which is shown in dotted blue lines in figure 3. In the limit of wide detectors,
shown in panels (b) and (d), we find that the Wigner function of the effective quantum state almost exactly
reproduces the features of the Wigner function of the bare emitter. Turning to the opposite regime, with
narrow detectors, the two functions have different behaviours. This is an expected result, because filtering in
frequency thermalises the emission, and the quantum state of the detector should no longer be given by the
state of a 2LS. However, even for narrow detectors, our method is still able to capture quantumness from the
bare emitter. Figure 3(c) shows that when there is a large population inversion, and the Wigner function of
the bare emitter has large negative values, then the Wigner function of the effective quantum state of the
detector can still capture the dip in the Wigner function at the origin of the phase space.

Turning to the emission from a 2LS with coherent excitation, the Wigner functions are shown in figure 4.
There, the left column shows the Wigner functions of the bare emitter, which are given by our equation (24).
In the central column, we show the Wigner function of the detector. There, in panel (b), corresponding
to /7, = 1, we see a small displacement of the Gaussian shape, as expected from a field that is weakly
driven with a coherent source of light. However, in our case, the detector is ‘driven’ with a source of quantum
light [99, 117, 119—121] that provides antibunched photons. Thus, as in the case presented above for the 2LS
driven in incoherent excitation, here the quantum features imprinted on the detector are also hidden below
an inflated vacuum. However, the coherent driving induces coherence in the 2LS. Operationally, this means
that the density matrix of the 2LS has non-zero off-diagonal elements. The coherence of the 2LS is then
passed to the detector, and therefore, in opposition to what we found for incoherent excitation, the observed
quantum state is not a mixture. Thus, we cannot recover the effective quantum state of the detector using
equation (25), because it could lead to nonphysical density matrices. Instead, we can approximate the state of
the detector as a superposition between the vacuum and the effective (pure) state of the detector, namely

a= 37 (@10)+ 1)) (" (0] + 5 W) (26)
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where the state of the emitter is approximated by the pure state p, = |1) (1|, and the constant N =

|? + [ B)* + aB* (0] ) + a* B (1) |0) guarantees that the state is properly normalised. Again, imposing the
condition that the occupation of the effective state of the detector and the bare emitter must be equal, we can
recover the qualitative shape of the Wigner function of the emitter in the limit in which the detector is
colourblind but has perfect temporal resolution. The right column of figure 4 shows the Wigner function of
the effective quantum state of the detector. For the case with weak intensity, shown in panel (c), we capture
the asymmetry in the Wigner function, with the highest positive value concentrated in the region near x ~ 0
and y < 0. This feature is also present in the Wigner function of the bare emitter (cf panel a). However, for
the effective quantum state, the Wigner function has a region of negative values concentrated on a circle of
radius 1/2, centred at (xo,y9) = (0,1/2). Increasing the intensity of the excitation, looking now at the
bottom row of figure 4, we see that the Wigner function of the 2LS has a ring shape, with almost ideal
angular symmetry. A similar shape is found in the Wigner function of the effective quantum state. However,
the bottom half of the ring, with y < 0, remains more intense. Further, the negative values, which are now
contained within the ring of positive ones, have adopted an elliptical shape.

The appearance of negative values in the Wigner function of the effective quantum state of the detector
reveals the quantumness of the source of light. Our approach has shown that even when one takes the
observation into account in the description of the field, the Wigner function can capture the quantum
character of the source of light. In fact, in the case of the 2LS with coherent excitation, the observation
process highlights the quantumness of the emission, and the Wigner function of the effective quantum state
has negative values, even when the Wigner function of the bare emitter does not.

5. Discussion and conclusions

We have provided a closed-form expression to easily compute the Wigner function of any density matrix
written on the basis of Fock states. Such an equation seamlessly yields the analytical expression for the Wigner
function of the most popular states: coherent, thermal, and Fock states, with and without squeezing. We use
our expression to obtain the Wigner function associated with the field of light emitted by a 2LS under either
incoherent or coherent excitation. In the latter case, the Wigner function reveals the reason why the emission
from a 2LS has sub-Poissonian statistics. Namely, the competition between the coherent and incoherent
components of the emission, arising from the driving laser and the luminescence of the 2LS, respectively.

Taking into account the observation of the emission, including a detector in the dynamics of the system
under consideration, we find that the Wigner function of the detector is always positive and, at most, shows a
small displacement. This is an indication that the quantum state of the detector has an inflated vacuum,
which hides the underlying quantum aspects that the 2LS imprints on its emission. Thus, by removing the
excess vacuum and finding the effective quantum state of the detector, we can recover the features of the
Wigner function of the bare emitter. In the case of the 2LS with incoherent excitation, the quantum state
induced on the detector is a mixed one. The excess vacuum can be easily removed, and the Wigner function
of the effective quantum state recovers exactly the Wigner function of the bare emitter. In contrast, for the
2LS driven with coherent excitation, the coherence induced by the laser makes it more complicated to
remove the vacuum from the quantum state of the detector. However, assuming that the quantum state of
the detector is pure, we can find an approximate result that, although does not match exactly the Wigner
function of the bare emitter, it can still recover its main features. In fact, even though the coherent excitation
does not yield population inversion on the 2LS, and the Wigner function of the emitter is always positive, the
Wigner function of the effective quantum state of the detector has regions of negative values, underlying the
quantum character of the emission from the 2LS.
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Appendix. Derivation of the particular cases

In this appendix, we provide the details of the derivation of the expressions for the Wigner function of the
2LS with incoherent or coherent driving, as given by equations (22) and (24) of the Main Text. Both of these
equations correspond to a single mode, and therefore the general expression given in equation (11)

reduces to

W(a) = Z P Wi (a) - (A1)

H1,V1

In the following, we will drop the subindex ‘1’ from the variables. Namely, we will write, e.g. p# instead of
pl1. Finally, because the 2LS is truncated to two levels, the summation in equation (A1) runs in the interval
0 < p,v < 1, and the only coefficients that will play a role in our derivation are the following:

W (a) = %6_2'27 (A2a)
Wy (a) = %e”*re”*ﬂ (A2b)
W (o) = %e‘”ﬁ rei®, (A2¢)
W (a) = %—2'2 (47— 1), (A2d)

which are obtained as particular cases of the expression in equation (13), where the right-hand side is written
in polar coordinates; that is, we have set o = rei?.

A.1. Wigner function of the 2LS with incoherent driving
In this case, the steady-state density matrix of the 2LS is given in equation (21), in which only two elements
are nonzero:

Ps

pSZ%U and  py ==, (A3)
so that, following equation (A1), the Wigner function is given by
W(a) = pyWo (@) + Wi (a), (A4)

which, using the coefficients spelled out in equation (A2), becomes

o2 _
77ezrz_~_

P, 2
I',nw I',w

e (47 —1). (A5)

Finally, reorganising the expression we obtain the result in equation (22), namely

2e~ 2"
W(a) = — [Yo —Ps (1—47)] . (A6)

A.2. Wigner function of the 2LS with coherent driving
In this case, the steady-state density matrix of the 2LS is given in equation (23), so its elements can be
written as

py=1-n, oo = (o) (A7a)
=1, (A7b)

Following equation (A1), the Wigner function is then given by

W () = piWp () + pyW (@) + pI W () + pi Wi (@)

2 2 4 . 4 .
=Ze T (1—n,)+ 2 (4 —1)n, + Ze et (o) + Ze P re 9 (0)* | (A8a)
o ™ ™ o
2 .
= e {1 — 21y +4ny,1° + 4Re [<U>e‘¢] } . (A8D)
77

11



10P Publishing

New J. Phys. 27 (2025) 043009 J C Lépez Carreno

Finally, given that the occupation n,, and the mean value (o), which are introduced in the Main Text
below equation (23), are given by the following expressions:

402
e A9
T 802 1 4A2 (&9a)
2Q, 2A, —i7,)
LA 2 A9
(0) == 802 1anr (A95)
the Wigner function in equation (A8b0) becomes
2e% 2 2 . 2
W(a) = (2 18 1 4AL) [70 +4AL — 80, (2A, cosp+ v, sing) r+ 16(201'2] , (A10)

which is the result shown in equation (24).
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